Abstract. For a smooth hypersurface of even dimension, the quadratic character of the absolute Galois group defined by the determinant of the ℓ-adic cohomology of middle dimension is computed via the square root of the discriminant of a defining polynomial of the hypersurface.
Let k be a field,k an algebraic closure of k and k s the maximal separable extension of k contained ink. Let Γ k = Gal(k s /k) = Aut k (k).
Let X be a proper smooth variety of even dimension n over k. If ℓ is a prime number which is invertible in k, the ℓ-adic cohomology V = H n (Xk, Q ℓ ( n 2 )) defines an orthogonal representation of the absolute Galois group Γ k = Gal(k s /k). The determinant det V : Γ k → {±1} ⊂ Q × ℓ is independent of the choice of ℓ (see Corollary 3.3) .
Assume that X is a smooth hypersurface of degree d in a projective space of dimension n + 1, and let f be a homogeneous polynomial defining it. Let disc d (f ) be the divided discriminant of f (see §2). Assume further that the characteristic of k is not 2. We shall prove below (Theorem 3.5):
Theorem. The quadratic character det V is defined by the square root of ε(n, d)·disc d (f ), where ε(n, d) is (−1)
if d is odd and is (−1)
[In other words, the kernel of det V : Γ k → {±1} is the subgroup of Γ k corresponding to the field extension k( ε(n, d)
The proof 1 is in two parts. One shows (cf. §3) by a standard argument on universal families that the theorem is true up to a sign depending only on d and n. One then concludes that this sign is equal to ε(n, d), using a topological computation given in §1.
The author would like to express his sincere gratitude to Jean-Pierre Serre for asking the author to compute the determinant in terms of the discriminant of a defining polynomial. He kindly allows the author to include his topological argument in Section 1 and Examples on cubic curves and cubic surfaces in Section 5. The author thanks Serre and an anonymous referee for numerous and helpful comments to improve the presentation of the article. The author also thanks Michel Demazure for showing him a manuscript of [8] before publication. The research is partially supported by JSPS Grant-in-Aid (A) 22244001.
Determinant of the complex conjugation
We compute the determinant of the action of the complex conjugation on the cohomology of a proper smooth variety of even dimension over R. Proposition 1.2. Let X be a separated scheme of finite type of dimension n over R and let e C and e R denote the Euler-Poincaré characteristics with compact support of the topological spaces X(C) and X(R) respectively. Then, the alternating sum
Proof. It suffices to show that e R = Tr(c : H * c (X(C), Q)). By the long exact sequence Since X(R) consists of the c-fixed points, we have Tr(c : H * c (X(R), Q)) = e R . We now show that Tr(c : H * c (X(C) X(R), Q)) = 0. By a standard dévissage, we can reduce the question to the case where X is affine, and then to the case where it is projective. Hence, we may assume that X is a closed subscheme of a projective space P , there exists a triangulation of X(C)/Γ R such that the image of X(R) is a union of simplices. For each simplex ∆ in the triangulation, the inverse image of ∆ (∆ ∩ Image(X(R))) in X(C) consists of its 2 copies switched by c. Hence the equality Tr(c : H * c (X(C) X(R), Q)) = 0 follows. Corollary 1.3. Assume that X is proper and smooth of even dimension n.
1. If we put N = 1 2
Proof. 1. Let m = n/2. Recall that Q(m) is the m-th twist of Q, as defined in 1.1; this means that the complex conjugation acts on it by (−1) m . We have det(c :
m e R ) and we obtain det(c : [
we have e R = 1. If d is even, then X d (R) = ∅ and we have e R = 0.
Let us now define a polynomial Φ(T ) ∈ Z[T ] by
A standard computation using Chern classes shows that e C = Φ(d).
[For the convenience of the reader, we recall this computation. The exact sequences
imply that the total Chern class c(Ω
We have
Since Φ(1) = n + 1 and
) (mod 4). Hence assertion 2 follows from assertion 1.
Discriminant
The literature contains several non-equivalent definitions of "the" discriminant of a homogeneous polynomial. For instance, the discriminant of x 2 +y 2 is sometimes defined as 1, sometimes as 4 and sometimes as −4. In what follows we shall put indices to the symbol "disc" in order to clarify the conventions we use.
We start with the most standard definition (see e.g. [13, Chap. 13] ), which is satisfactory over C, but which is not so over an arbitrary field.
2.1. The discriminant, defined as the resultant of the partial derivatives. We fix integers n 0 and d > 1. We consider the polynomial ring Z[T 0 , . . . , T n+1 ] and the free Z-module E = 
n+2 is a multi-index, we put Definition 2.2. We call res(D 0 F, . . . , D n+1 F ) the resultant-discriminant of F and we denote it by disc r (F ). We call . By specialization, this gives a meaning to disc r (f ) and disc d (f ) for every homogeneous polynomial f in n+ 2 variables over a commutative ring R. The divided discriminant satisfies the following smoothness criterion due to Demazure:
. Let f be a homogeneous polynomial of degree d in n + 2 variables over a commutative ring R. Then, the divided discriminant disc d (f ) is invertible in R if and only if the corresponding hypersurface is a smooth divisor of the projective space
This smoothness criterion would not work with the resultant-discriminant when d is not invertible in R.
The transformation properties of disc d are the same as those of disc r , namely (cf. [8, n o 5 Proposition 11] and [13] ):
, where λ is any element of R, A is any (n + 2) × (n + 2)-matrix with coefficients in R, and f A (x) = f (Ax). The formula about f A , applied to a permutation, shows that disc d (f ) does not depend on the indexing of the coordinates.
2.4.
The universal family and the discriminant. We define the universal family of hypersurfaces. We put
; it is the moduli space of hypersurfaces of degree d in P n+1 ; we shall usually write it P instead of P n,d . The universal hypersurface X ⊂ P n+1 Z × P is then defined by the universal polynomial F = |I|=d C I T I . Let ∆ be the closed subscheme of X defined by the vanishing of the partial derivatives D 0 F, . . . , D n+1 F of the universal polynomial F . By the Jacobian criterion, X ∆ is the maximum open subscheme of X on which the canonical morphism X → P is smooth.
For an integer m ≥ 0, we identify the Z-module Γ(P, O(m)) with the symmetric power S m ((S d E) ∨ ) consisting of homogeneous polynomials in (C I ) |I|=d of degree m. The closed subscheme D of P = P n,d defined by the divided discriminant disc d (F ) is reduced and is an effective Cartier divisor flat over Z.
The following is a geometric interpretation of the smoothness criterion Proposition 2.3.
Lemma 2.5. The underlying set of the reduced closed subscheme D of P equals the image of ∆ by the projection map P n+1 Z × P → P.
2.6. The discriminant and the dual variety. We recall the formalism of the dual variety [17, 3.1] and the relation with the discriminant.
In this subsection, we fix an algebraically closed field k and let the suffix k denote the base change to k over Z. The indeterminates T 0 , . . . , T n+1 define a homogeneous coordinate of the projective space
is the dualP r of P r parametrizing hyperplanes in P r . The monomials (T I ) |I|=d form a homogeneous coordinate of P r and the universal coefficients (C I ) |I|=d form a homogeneous coordinate ofP r = P k . The d-th symmetric power S d E k is naturally identified with the space of global sections Γ(P 
is called the d-th Veronese embedding. We consider P n+1 k as a closed subscheme of P r by v d . The conormal sheaf N of P n+1 k in P r is defined as I/I 2 where I ⊂ O P r denotes the ideal sheaf defining the closed subscheme P n+1 k ⊂ P r . It is a locally free O P n+1 k -module of rank r − (n + 1). Let P(N ) = Proj S
• N ∨ denote the associated covariant projective space bundle over P n+1 k
[here, to be consistent with [17, 3 .1], we use the font P to denote the covariant projective space bundle associated to a locally free sheaf, parametrizing the lines] .
We view the projective space bundle P(N ) over P n+1 k as a closed subscheme of P n+1 k × P k as in [17, (3.1.1) ]. We recall the definition of the embedding (2.6.1)
The projective space
Since the twist by an invertible sheaf does not change the associated projective space bundle, the product P n+1 k × P k is identified with the covariant projective space bundle
defined by the closed immersion P n+1 k → P r and the canonical map Ω
The map ϕ : P(N ) →P r [17, (3.1.
2)] is defined as the composition
of the immersion (2.6.1) and the projection. The dual variety of P n+1 k ⊂ P r k is defined as the image of ϕ [17, (3.1.3)]. Lemma 2.7. Let k be an algebraically closed field.
1. We have an equality P(N ) = ∆ k of the underlying sets of closed subschemes of P n+1 k × P k . 2. The dual variety of P n+1 k in P r k defined as the image of the map ϕ : P(N ) → P k (2.6.2) equals the underlying set of D k .
Proof. 1. A k-rational point of P(k) corresponds to a hyperplane H in P r defined over k since P k is the dual of P r . The intersection of H with
is a hypersurface of degree d and is the geometric fiber of the universal family X → P at the geometric point [H] ∈ P(k). Consequently, the set of k-valued points X(k) ⊂ P n+1 (k) × P(k) consists of the pairs (x, H) ∈ P n+1 (k) × P(k), where H is a hyperplane of P r containing x ∈ P n+1 (k) ⊂ P r (k). By [17, (3.1.1)], the set of k-valued points P(N )(k) ⊂ P n+1 (k)×P(k) consists of the pairs (x, H) ∈ X(k) such that H is tangent to P n+1 k at x. In other words, it consists of the points of X(k) ⊂ P n+1 (k) × P(k) where the geometric fiber X k → P k of the canonical map of the universal family X → P is not smooth. Thus the assertion follows by the Jacobian criterion.
2. Since the dual variety is defined as the image ϕ(P(N )), it follows from assertion 1 and the smoothness criterion Proposition 2.3. 
Hence, it suffices to show that for every geometric point of each D(T i ), these forms are linearly independent. Or equivalently, it suffices to show that for every geometric point Spec k → P n+1 Z , the geometric fiber of ∆ k → P n+1 k is a linear subspace of P k of codimension n + 2. Let k be an algebraically closed field and take the notation in 2.6. By Lemma 2.7.1, we have an equality ∆ k = P(N ) of the underlying sets. By the definition of the closed immersion P(N ) → P n+1 k × P k (2.6.1) recalled above, P(N ) is a linear subbundle of the projective space bundle P n+1 k
Thus, the assertion follows. 2.9. The irreducibility of the discriminant modulo p. Let π : X → P denote the canonical morphism of the universal family of hypersurfaces. By [7, Corollaire 1.3.4] there exists an open subset W of ∆ consisting of the points w such that w is an ordinary quadratic singularity in the fiber X π(w) . Lemma 2.10. 1. For every algebraically closed field k, the geometric fiber W k is dense in P(N ) = ∆ k .
2. Assume that n is odd or char k = 2. Let W ′ k be the subset of W k ⊂ P(N ) consisting of the images of geometric points w of W k that is a unique singular point in the geometric fiber X π(w) .
Then, W ′ k is the maximum open subscheme of P(N ) where the restriction of ϕ : P(N ) → P k is an immersion. Consequently, the canonical morphism P(N ) → D k,red to the maximum reduced subscheme of D k is birational. We deduce the irreducibility of the reduction of the discriminant modulo p from Proposition 2.8 using the following Lemma. 
Determinant
In this section, we assume that n is even.
3.1. Let S be a normal integral scheme of finite type over Z and f : X → S be a proper smooth morphism of relative dimension n. For a prime number ℓ invertible in the function field of S, the cup-product defines a non-degenerate symmetric bilinear form on the smooth
]. Hence the determinant defines a character
ab → {±1} ⊂ Q × ℓ of the fundamental group, which we denote by [det H n ℓ (X)]. Lemma 3.2. There exists a unique character [det H n (X)] : π 1 (S) ab → {±1} such that, for every prime number ℓ invertible in the function field of S, the composition with the map π 1 (S[
Proof. First, we show the case where S = Spec k for a finite field k = F q . Then, for a prime ℓ different form the characteristic of k, Deligne's theorem on ℓ-adic representations tells us that the polynomial det(1 − F r q t :
and is independent of ℓ. Hence, the multiplicity m of the eigenvalue of −q n/2 of F r q acting on H n (XF q , Q ℓ ) and the determinant det(F r q :
m are independent of ℓ. Since the geometric Frobenius F r q generates a dense subgroup of Γ k , the assertion follows in this case. We prove the general case. For two different primes ℓ and ℓ ′ and for every closed point x of S[ commutative diagram (3.2.1)
where the left slant arrows are induced by the closed immersion of x.
By the Chebotarev density theorem [21, Theorem 7] , [22, Theorem 9.11] for a normal scheme of finite type over Z, the images
ab where x runs the closed points of S[ 
Glueing of coverings shows that π 1 (S)
ab is the push-out of the left half of (3.2.2). Thus, the characters [det H n ℓ (X)] induce a unique character π 1 (S) ab → {±1}, which is independent of ℓ.
Corollary 3.3. Let X be a proper smooth scheme of even dimension n over a field k. Then, for a prime number ℓ invertible in k, the character det
Proof. We may assume that k is finitely generated over a prime field. Hence, there exist a normal integral scheme S of finite type over Z such that k is the function field of S and a proper smooth morphism f : X S → S of relative dimension n such that the generic fiber is X. Now the assertion follows form Lemma 3.2.
3.4. Let d > 1 be an integer and π :
∨ ) denote the universal hypersurface of degree d defined by the universal polynomial F . The complement U = P D of the divisor D defined by the divided discriminant disc d (F ) is the maximum open subscheme of P over which π : X → P is smooth.
Since n is even, the degree m = (n + 2)(d − 1) n+1 of the discriminant disc d (F ) is even. We consider the µ 2 -torsor on the fppf-site of U consisting of bases of O( 
. Let now k be a field and let
by the k-valued point of U corresponding to f is given by the determinant of the orthogonal representation
)) for a prime number ℓ invertible in k.
Theorem 3.5. Let n 0 and d > 1 be integers; assume that n is even. Define the sign ε(n, d) = ±1 by
Then, we have
] , Z/2Z). By a standard specialization argument, Theorem 3.5 implies the Theorem stated in the introduction.
Proof. The Kummer sequence defines an exact sequence
where we have written U1 ). In the exact sequence
the Picard group Pic(P Z[ ] ) is identified with the multiplication by m = (n + 2)(d − 1) n+1 since it sends 1 to the class of O(m). Thus, we have
It also follows from (3. Letη denote a geometric generic point of Spec O P,ξ . We show that the character det H n (Xη, Q ℓ ) of Iξ is the unique non-trivial character of order 2. By the result of [17] recalled in Lemma 2.10.2 applied to k =Q, the geometric fiber Xξ has a unique singular point which is an ordinary quadratic singularity in Xξ. Hence, by the Picard-Lefschetz formula [7, Théorème 3.4 (ii)], we have an exact sequence
of ℓ-adic representations of the inertia group Iξ. Further, since X is regular, the base change X O P,ξ is also regular and the inertia group Iξ acts on Q ℓ ( n 2
) via the unique non-trivial character Iξ → {±1} by [7, Théorème 3.4 (iii)], [16] . Since Iξ acts trivially on H n+1 (Xξ, Q ℓ ) and on H n (Xξ, Q ℓ ), the boundary map Q ℓ ( n 2
) → H n+1 (Xξ, Q ℓ ) in (3.5.5) is the zero-map and the character det
is 0 since the strict henselization O P,ξ containesQ as a subfield. By 
. We show that the latter case is not possible. Let K be the local field of P at the generic point of the fiber P 
Discriminant modulo 4
In this section, we keep assuming that n is even. Let us first prove the following elementary fact:
Lemma 4.1. Let K be a complete discrete valuation field such that 2 is a uniformizer. Let u ∈ O × K be a unit which is not a square and let L denote the quadratic extension K( √ u). (uv −2 − 1) in the residue field.
[Recall that "unramified" implies that the residue extension is separable.]
Proof. Let F be the residue field of K. Ifū ∈ F × is not a square, the residue field of L is a quadratic radicial extension of F . Hence, by dividing u by a square, we may assume u ≡ 1 (mod 2). We put u = 1 + 2a. Substituting x = 1 + 2t into the equation x 2 = u, we obtain t 2 + t = a/2. If a is a unit, a solution t cannot be an integer and we have 2 ord L t = −ord L 2. Thus L is totally ramified over K. If a = 2b, the extension L is unramified and the residue extension is given by t 2 + t =b. If v 2 ≡ v ′2 (mod 2), we have (v/v ′ ) 2 ≡ 1 (mod 4) and assertion 2 follows. 
